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Abstract
The dynamic Friedel sum rule (FSR) is derived within the second-order Born (B2) approximation for an ion that moves in
a fully degenerate electron gas and for an arbitrary spherically-symmetric electron-ion interaction potential. This results in an
implicit equation for the dynamic B2 screening parameter which depends on the ion atomic number Z1 unlike the first-order
Born (B1) dynamic screening parameter reported earlier by some authors. Furthermore, for typical metallic densities our analytical
results for the Yukawa and hydrogenic potentials are compared, for both positive and negative ions, to the exact screening parameters
calculated self-consistently by imposing the exact dynamic FSR requirement to the scattering phase shifts. The B1 and B2 screening
parameters agree excellently with the exact values at large velocities, while at moderate and low velocities the B1 approximation
deviates from the exact solution whereas the B2 approximation still remains close to it. In addition, a Pade´ approximant to the Born
series yields a further improvement of the perturbative approach, showing an excellent agreement on the whole velocity range in
the case of antiprotons.
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1. Introduction
The dynamic screening of swift heavy charged particles in
condensed matter is a phenomenon that is important to under-
stand the electronic stopping power and related projectile-target
interaction properties. The screening experienced by an in-
truder charge arises from the electron density induced in the
traversed medium and affects the stopping properties of the par-
ticles. It is therefore of interest to determine how this screening
effect varies with the projectile velocity.
An approach commonly used to describe dynamic screen-
ing effects is based on the dynamic Friedel sum rule (FSR)
proposed in [1, 2] which uses the concept of the shifted Fermi
sphere [3]. This rule is very useful to adjust in a self-consistent
way the electron-ion interaction potential and the related screen-
ing length. In this paper we study the dynamic FSR for a point-
like ion that moves in a fully degenerate electron gas (DEG)
within the framework of the second-order Born (B2) approxi-
mation. The Born approximation has been previously used in
conjunction with the static [4] or dynamic FSR [1, 2], but only
within the first-order Born (B1) approximation. This is some-
what unsatisfactory because the resulting B1 screening length is
independent of the ion atomic number and is therefore identical
for a particle and its antiparticle. Recently, the static screening
length has been deduced within the B2 approximation [5, 6].
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The static B2 screening lengths pertaining to protons and an-
tiprotons agree satisfactorily with the exact numerical solutions
at electron densities typical of metals. In this context, our main
purpose is to go beyond the B1 approximation, and consider
the B2 approximation for the dynamic FSR. This generalizes
the previous results obtained within the static B1 [4] or B2
[5, 6] and the dynamic B1 approximations [1, 2] and hence fur-
nishes useful numerical estimates of the influence of both the
ion charge and its velocity on the screening length in a DEG.
2. Self-consistent formulation of the dynamic FSR
Let us revisit the dynamic FSR first formulated by Nagy
and Bergara [1] and later studied in more detail by Lifschitz
and Arista [2] for a DEG. To this end, consider an ion with
charge Z1e (Z1 is the ion atomic number) and constant velocity
v that moves through a DEG of density ne [Fermi wave number
kF = (3π2ne)1/3]. An electron whose wave vector is ke collides
elastically with the ion. The relative velocity of the colliding
particles is denoted as vr = ve − v, where ve = ~ke/me is the
electron’s initial velocity. The relative wave vector is kr = ke −
k with k = mev/~ (note that k is not the wave vector of the
ion). In the center of mass (c.m.) frame of reference the wave
function of the incoming free electron is φkr (r) = eikr ·r whereas
its wave function after the collision is given by the partial-wave
expansion (see, e.g., [7])
ψkr (r) =
∞∑
ℓ=0
iℓ (2ℓ + 1) eiδℓ(kr) ℜkr,ℓ(r) Pℓ(cos θ), (1)
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whereℜkr,ℓ(r) and δℓ(kr) are, respectively, the radial wave func-
tion and the scattering phase shifts corresponding to the angular
momentum ℓ and depending only on kr (the modulus of kr), θ is
the scattering angle in the c.m. reference frame (i.e., the angle
between kr and r), and Pℓ are the Legendre polynomials.
Following [1] we introduce now the electron density in-
duced in the DEG by the moving ion
nind(r) = 2(2π)3
∫
ke6kF
(
|ψkr (r)|2 − |φkr (r)|2
)
dke, (2)
where the integration is performed in the domain ke 6 kF as
a consequence of the Pauli exclusion principle. Let us stress
that nind(r) is not isotropic because of the motion of the ion.
This fact is expressed in averaging of the induced density with
respect to the unit-step distribution function of a DEG in the
laboratory frame of reference (wave vector ke) while |ψkr (r)|2
and |φkr (r)|2 are calculated in the c.m. reference frame. In the
case of an ion at rest kr = ke and Eq. (2) becomes the equation
addressed by Friedel in [8], which yields the well-known static
FSR [8] and an isotropic induced electron density.
Next we calculate the total charge induced in a spherical
volume ΩR around the ion, which is Qind = −eNind(v) with
Nind(v) =
∫
ΩR
nind(r) dr = 2(2π)2
∫
ke6kF
A(kr) dkek2r
, (3)
where R (with R → ∞) is the radius of the volume ΩR and
A(kr) =
k2r
2π
∫
ΩR
(
|ψkr (r)|2 − |φkr(r)|2
)
dr; (4)
notice that the function A(kr) differs from the definition adopted
in [1, 9] by a factor k2r /2π. From Eqs. (1) and (4) it is seen
that A(kr) is isotropic and depends only on kr. This enables the
angular integration in Eq. (3) which results in
Nind(v) = 2
π
{
Θ(kF − k)
∫ kF−k
0
A(q) dq
+
1
4k
∫ k+kF
|k−kF |
[
k2F − (k − q)2
]
A(q) dq
q
}
, (5)
Θ(κ) is the Heaviside unit-step function. The quantity A(q) can
be evaluated in closed form using Servadio’s general relation
[9]. When R → ∞ this function can be expressed through the
scattering amplitude f (q, θ) as follows
A(q) = ∂
∂q
[
q f ∗(q, 0)]
+ i
∫ π
0
q f (q, θ) ∂
∂q
[
q f ∗(q, θ)] sin θ dθ (6)
=
∞∑
ℓ=0
(2ℓ + 1) δ′ℓ(q). (7)
Here f (q, 0) is the scattering amplitude for θ = 0, the asterisc
denotes complex conjugation and the prime indicates derivation
with respect to the argument. The second part of Servadio’s
relation, Eq. (7), is easily found by substitution of the partial-
wave expansion of the scattering amplitude (see, e.g., [7]) into
Eq. (6).
At this point we impose the condition that the intruder ion
has to be completely screened at large distances, Z1e+Qind = 0,
which serves as the basic constraint for the scattering theory. It
was first suggested by Friedel [8] and can be viewed as the con-
servation of the total charge of a many-electron system. In this
sense the FSR is similar to the optical theorem of scattering the-
ory [7] which requires the conservation of particle number (for
inelastic scattering the number of the particles participating in
the elastic scattering). Using Eq. (5) the condition of complete
screening can be rewritten in the explicit form
Z1 = Nind(v) (8)
with v = ~k/me. If the projectile carries with it Nb bound elec-
trons, in Eq. (8) one should simply replace Z1 with Z1 − Nb [8].
In order to represent the dynamic FSR, Eq. (8), in a more fa-
miliar form (as a sum over partial waves) we insert Eq. (7) into
Eq. (5) and integrate by parts assuming that δℓ(0) = 0, which
yields
Z1 =
2
π
∞∑
ℓ=0
(2ℓ + 1)∆ℓ(v) (9)
with the “dynamic phase shifts”
∆ℓ(v) = 14k
∫ k+kF
|k−kF|
1 + k2F − k2q2
 δℓ(q) dq. (10)
Eqs. (9) and (10) are identical to the “extended” FSR of Lifs-
chitz and Arista [2] for a DEG, which was deduced having re-
course to geometrical arguments about the Galilean transforma-
tion of the Fermi sphere. The extension of the dynamic FSR to
an electron gas at high temperature has been outlined by Nagy
and Bergara [1].
It is straightforward to see that in the limit v → 0 Eq. (10)
reduces to ∆ℓ(0) = δℓ(kF) which together with Eq. (9) consti-
tutes the static FSR [8]. In the high-velocity limit, within the
leading order from Eq. (10) one gets ∆ℓ(v) = (v2F/3v2)kFδ′ℓ(k),
where vF = ~kF/me is the Fermi velocity [2]. Interestingly, the
dynamic phase shifts are expressed in the high-velocity regime
through the momentum derivative of the ordinary phase shifts.
3. First- and second-order Born approximations
With the theoretical formalism presented in Section 2, we
take up the main topic of this paper, namely to study the dy-
namic FSR for a point-like ion moving in a DEG within up to
the B2 approximation. Hence we look for the scattering ampli-
tude in Eq. (6) in a perturbative manner writing f = fB1 + fB2,
where fB1 and fB2 are the first- and second-order scattering am-
plitudes, respectively. Similarly, we expand Servadio’s function
perturbatively to the second order, A = AB1 + AB2. Introduc-
ing in Eq. (7) the corresponding expansion of the phase shifts,
δℓ = δℓ,B1 + δℓ,B2, we get with the help of Eq. (19) in [6]
AB1(q) = ∂
∂q
{
q fB1(q, 0)}, (11)
AB2(q) = ∂
∂q
{
q Re[ fB2(q, 0)]}, (12)
2
where fB1(q, 0) and fB2(q, 0) are the B1 and B2 forward-scattering
amplitudes. Then, using Eqs. (23) and (26) in [6] we arrive at
AB1(q) = − me2π~2 V˜(0), (13)
AB2(q) = 4m
2
e
(2π)3~4
∫ ∞
0
V˜2(κ) κ
2 dκ
κ2 − 4q2
, (14)
where V˜(q) is the Fourier transform of the electron-ion interac-
tion potential V(r) given by
V˜(q) =
∫ ∞
0
V(r) j0(qr) 4πr2 dr (15)
with j0(z) = sin z/z.
Next we formulate the dynamic FSR within the B2 approxi-
mation. In this approximation Z1 = Nind,B1(v)+Nind,B2(v), where
Nind,B1(v) and Nind,B2(v) are the first- and second-order quanti-
ties corresponding to the function Nind(v) in Eq. (5) and involv-
ing AB1(q) and AB2(q), respectively. The ensuing equation is
the main result of the present article. The first and second terms
in this relation are linear (∼ Z1) and quadratic (∼ Z21 ) with re-
spect to the interaction potential and represent, respectively, the
first- and second-order Born contributions to the dynamic FSR.
While the first-order term has been derived previously [1] the
second one is a new result that may be regarded as the coun-
terpart to the Barkas–Andersen correction in the Bethe–Bloch
stopping power formula. In general, the obtained equation is
a transcendental equation that serves to determine the dynamic
screening length λ(v) ≡ 1/α(v), where α(v) is the correspond-
ing dynamic screening parameter, of the interaction potential
involved in AB1(q) and AB2(q).
In what follows we apply the dynamic FSR in the B2 ap-
proximation to the very important group of screened potentials
V(r) = −Z1e
2
r
Φ(αr), (16)
where Φ(x) is the screening function. Then
V˜(q) = −4πZ1e
2
α2
V˜(q/α), (17)
where
V˜(x) =
∫ ∞
0
Φ(y) j0(xy) y dy (18)
is the dimensionless Fourier transform of the interaction poten-
tial. In terms of V˜(x) we have V˜(0) = −(4πZ1e2/α2)γ with (see
[6])
γ = V˜(0) =
∫ ∞
0
Φ(x) x dx. (19)
Now we substitute Eqs. (17) and (18) for an arbitrary screened
potential into Eqs. (13) and (14), and these into the B2 dynamic
FSR, then integrating over q. It turns out that the general solu-
tion for the screening parameter α in the B2 approximation can
be cast in the implicit form
α(v) = αRPA
[
γ F(s) + πχ
2
2
Z1 G(s, u)
]1/2
. (20)
Here αRPA = (4kF/πa0)1/2 = 1/λTF, where λTF is the Thomas–
Fermi screening length, u = 2kF/α, χ2 = (πkFa0)−1 is the (di-
mensionless) Lindhard density parameter of the DEG, a0 is the
Bohr radius. Besides, the functions F(s) and G(s, u) in Eq. (20)
depend on the ion velocity through s = v/vF and are given by
F(s) = 1
2
+
1 − s2
4s
ln
∣∣∣∣∣1 + s1 − s
∣∣∣∣∣ , (21)
and
G(s, u) = u
π
∫ ∞
0
Q(s, x/u) V˜2(x) dx (22)
with
Q(s, a) = 1 − s
2
s
ln
∣∣∣∣∣1 + s1 − s
∣∣∣∣∣ + a ln
∣∣∣∣∣∣ s
2 − (a + 1)2
s2 − (a − 1)2
∣∣∣∣∣∣
+
s2 − 1 + a2
2s
ln
∣∣∣∣∣∣ (s + 1)
2 − a2
(s − 1)2 − a2
∣∣∣∣∣∣ . (23)
The numerical constant γ and the function G(s, u) should be
specified for the adopted screened potential according to Eqs. (19)
and (22), (23), respectively.
In Eq. (20) the term containing the function G(s, u) is the
B2 correction to the screening parameter α. Neglecting this
term we retrieve the familiar expression
αB1(v) = αRPA [γF(s)]1/2 (24)
for α in the B1 approximation [1, 2]. In contrast to αB1, the
second-order screening parameter (20) depends on Z1 and thus
predicts different screening parameters for attractive (Z1 > 0)
and repulsive (Z1 < 0) electron-ion potentials. It should also
be noted that F(s) coincides with the screening function of the
Lindhard dielectric function in the static limit, εL(q, ω → 0) =
1 + (qλTF)−2F(q/2kF) [10].
Equation (20) determines the second-order screening pa-
rameter as a function of the density of the DEG and the atomic
number and the velocity of the moving ion. Recalling that
the second-order correction [i.e., the second term in Eq. (20)]
should be smaller than the first one, Eq. (20) can be solved itera-
tively. A simple estimate is achieved if αB1, Eq. (24), is inserted
into the second-order term of Eq. (20). For typical densities of
conduction electrons in metals (1.5 . rs . 51) and for (bare)
protons and antiprotons (Z1 = ±1) the second-order correction
is indeed small.
It is of particular interest to study Eq. (20) at low and high
velocities of the ion. At low velocities (s ≪ 1), from Eqs. (21)
and (23) it is easy to see that F(s) ≃ 1 and Q(s, a) ≃ 2a ln |(a +
1)/(a − 1)|. Introducing the latter relation in Eq. (22) we re-
cover the function G(0, u) ≡ g(u) of [6]. Thus, in the low-
velocity regime Eq. (20) with F(0) = 1 and G(0, u) = g(u)
coincides with our previous results deduced within the B2 ap-
proximation for a static ion [6]. On the other hand, at high
velocities (s ≫ 1), from Eqs. (21) and (23) it follows that
1The one-electron radius rs is proportional to the Lindhard density parame-
ter, rs = (9π4/4)1/3χ2.
3
F(s) ≃ 1/3s2 + 1/15s4 and Q(s, a) ≃ −4a2/3s4. Inserting the
latter expression in Eq. (22) yields G(s, u) ≃ −C∞/3us4 with
(see [6])
C∞ =
4
π
∫ ∞
0
V˜2(x) x2 dx = 2
∫ ∞
0
Φ
2(x) dx. (25)
With the asymptotic formulas for F(s) and G(s, u) it is easy to
evaluate the screening length at large velocities, v ≫ vF, taking
into account the B2 corrections. From Eq. (20) we get
λ(v) = γ−1/2 v
ωp
1 − v2F10v2
(
1 −
5C∞Z1e2ωp
8γ1/2EFv
) , (26)
where EF = 12 mev
2
F and ωp = (4πe2ne/me)1/2 are the Fermi en-
ergy and the plasma frequency of the DEG, respectively. The
dominant term (taking γ = 1), v/ωp, corresponds to the usual
behaviour of the dynamic screening of swift ions in a DEG [10].
This contribution shows that collective-like effects character-
ize the dynamic screening in the DEG albeit these effects have
not been explicitly included in our treatment; they arise as a
consequence of the imposed self-consistent FSR requirement.
A similar appearance of the collective behaviour in a velocity-
dependent density-functional description has been discussed in
[3]. The O(v−1) and O(v−2) terms are the higher-order veloc-
ity corrections to the screening length. In particular, the last
term containing the ion charge Z1 is the B2 correction to λ(v).
As expected, at high velocities (v ≫ vF), the contribution of
this term is smaller compared to the other terms. It is notewor-
thy that in general the main contribution in Eq. (26) involves
the parameter γ which varies significantly for various interac-
tion potentials (see, e.g., [6] and Sections 3.1 and 3.2 below)
and fixes their spatial ranges. Therefore, the Friedel adjustment
will give larger (smaller) screening lengths to compensate for
the smaller (larger) spatial ranges of the potentials.
For practical applications we provide explicit expressions
for the Yukawa and hydrogenic potentials, which are often em-
ployed to model the stopping of ions with either quantum or
classical formalisms [11–19]. The numerical constants γ and
C∞ for these interaction potentials have been evaluated in [6],
and in Sections 3.1 and 3.2 we present the respective functions
G(s, u).
3.1. Yukawa potential
The screening function of the Yukawa potential is Φ(x) =
e−x and its Fourier transform reads
V˜(q) = − 4πZ1e
2
q2 + α2
. (27)
Substituting Φ(x) and V˜(q) into Eqs. (19), (22) and (25) we
arrive at γ = 1 [2, 4, 6],
G(s, u) = 18su
[
(ηξ + 1) ln η
2
+ 1
ξ2 + 1
− 2ηξ ln η
|ξ|
]
(28)
and C∞ = 1 [6], respectively, where ξ = u(s−1) and η = u(s+1).
3.2. Hydrogenic potential
For the hydrogenic potential [12] one hasΦ(x) =
(
1 + 12 x
)
e−x
and
V˜(q) = −4πZ1e2 q
2
+ 2α2(
q2 + α2
)2 . (29)
In this case γ = 2 [2, 4, 6],
G(s, u) = 1
16us
{
1
4
(25ηξ + 13) ln η
2
+ 1
ξ2 + 1
−
25
2
ηξ ln η
|ξ|
+
1
3 (9ηξ + 7)
(
1
ξ2 + 1
−
1
η2 + 1
)
+
1
3 (ηξ + 1)
 1(
ξ2 + 1
)2 − 1(
η2 + 1
)2

}
(30)
and C∞ = 13/8 [6]. The auxiliary variables ξ and η have been
defined above.
4. Results and discussion
Using the theoretical findings of Sections 2 and 3 we present
here the numerical results for the Yukawa and hydrogenic po-
tentials. Protons (Z1 = +1) and antiprotons (Z1 = −1) are
considered along with a wide range of ion velocities, v, and
a fixed one-electron radius rs = 1.6 (vF ≃ 1.2v0, where v0 is
the Bohr velocity). Exact screening parameters have also been
computed for the same combinations of rs, Z1 and v. To this
end, phase shifts were evaluated by solving numerically the ra-
dial Schro¨dinger equation for the Yukawa and hydrogenic po-
tentials, and inserting the phase shifts into Eq. (10). Then, a
self-consistent iterative procedure adjusted the value of α(v) so
that the ensuing δℓ satisfy the exact dynamic FSR, Eqs. (9) and
(10).
Fig. 1 displays the dynamic screening parameter α(v) per-
taining to the studied interaction potentials as a function of
the ion velocity v. Shown are the predictions of the B1 (dot-
ted curves) and B2 (dashed curves) approximations, given by
Eqs. (24) and (20), respectively, and the exact screening param-
eters (solid curves). It should be emphasized that, unlike the B1
screening parameter αB1(v), the B2 approximation introduces a
dependence of α(v) on Z1 and correctly predicts that at small
velocities α(v) > αB1(v) if Z1 > 0 and α(v) < αB1(v) if Z1 < 0.
At high velocities (v & 2v0) the perturbative and nonperturba-
tive screening parameters are in excellent agreement and this
regime is accurately approximated by the asymptotic Eq. (26).
In the opposite and most unfavorable situation of intermediate
and low velocities, v . 2v0, the B2 approximation deviates
from the self-consistent results of the exact dynamic FSR but
it improves significantly upon the Z1-independent B1 approx-
imation, αB1(v). Furthermore, the B2 approximation is more
accurate for antiprotons (Fig. 1b) and the respective screening
parameters agree quite well with the exact treatment even at low
velocities. Similar trends have been reported in [6] for static
ions immersed in a DEG.
The exact dynamic screening parameter of Z1 = +1 (Fig. 1a)
displays a conspicuous large negative slope close to the Fermi
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Figure 1: Screening parameter α(v)a0 as a function of the ion velocity v/v0 for rs = 1.6, a) Z1 = +1, b) Z1 = −1, calculated with the Yukawa and hydrogenic
potentials. The dotted curves corresponding to αB1(v)a0 , Eq. (24). The dashed curves indicate the solutions of Eq. (20), i.e. the B2 approximation. The solid curves
are the exact screening parameters calculated with Eqs. (9) and (10). Eq. (31) [i.e., the Pade´ approximant of Eq. (20)] is plotted as thin solid curves.
velocity (v ≃ vF ≃ 1.2v0). In fact the behaviour of ∂α(v)/∂v
is connected, through Eqs. (9) and (10), to the derivative of the
dynamic phase shifts, ∂∆ℓ(v)/∂v. When v → vF the latter quan-
tity is finite if ℓ > 1 but exhibits a logarithmic singularity if
ℓ = 0, ∂∆0(v)/∂v ∼ λsc ln |v − vF|. Here λsc = [δ0(q)/q]q→0 is
the scattering length [7]. The exact theory of low-energy elas-
tic scattering (see, e.g., [7]) predicts a finite scattering length
for protons and antiprotons, hence ∂α(v)/∂v is singular for both
types of projectiles. However, λsc is about two orders of mag-
nitude larger for protons than for antiprotons and the singular
behaviour of ∂α(v)/∂v is clearly visible only for Z1 = +1. The
physical origin of this singularity should be traced to the inter-
action of the positive ion (with v = vF) with the electrons close
to the Fermi surface in which case the relative velocity of the
particles can be small. As shown in [5] the cross section of the
electron-ion interaction strongly increases for these low-energy
(in the relative frame of reference) scattering events with ℓ = 0.
This is the so-called resonance scattering investigated first by
Wigner and by Bethe and Peierls (see, e.g., [7]).
Finally, we have examined the Pade´ approximant of order
[1/1] to the second-order Born series studied above. Applying
this approximant one finds, instead of Eq. (20),
α(v) = αRPA[γF(s)]1/2
[
1 − πχ
2
2γ
Z1
G(s, u)
F(s)
]−1/2
. (31)
The resulting dynamic screening parameters are depicted in Fig. 1.
Comparing the different curves displayed in Fig. 1 one con-
cludes that the [1/1] Pade´ approximant improves the agreement
between the B2 approximation and the exact results. The im-
provement is remarkable for antiprotons where the respective
screening parameters agree excellently with the self-consistent
treatment based on the dynamic FSR in the whole velocity range.
In conclusion, we have proposed a method to calculate the
dynamic screening parameter for an ion moving in a DEG based
on the B2 approximation for the FSR. The developed approach
furnishes a simple and computationally inexpensive scheme to
incorporate the effects of the non-linear ion-solid coupling in
the quantum formulation of scattering processes, which is an
important prerequisite to describe accurately the non-linear screen-
ing and energy loss of ions in solids.
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